The present study attempts to predict the performance of hybrid rocket motors using a physics-based comprehensive model in which all the submodels that govern the various processes that occur during heating and combustion of solid fuel are based on physical-based mathematical models. Based on the fluid-solid coupling technique and some comprehensive physical processes during operation of hybrid rocket motors, a numerical model is developed to predict the regression rate for the solid fuel surface of the hybrid rocket motor under different operation conditions. The muti-dimensional Favre-averaged compressible turbulent Navier-Stokes equations are used as the governing equations of the reacting flow, the two-equation turbulence model is used to simulate the turbulent flow, and the eddy breakup model is used to simulate the gas combustion. The results presented are for hydroxyl-terminated-polybutadiene fuel and gaseous oxygen. The Navier-Stokes model results allow more detailed and realistic observation of the chamber flow field than is permitted by simpler boundary layer analyses. The model predications indicate that fuel surface regression rates are considerably impacted by both the size and geometry of the configuration. This study provides considerable information to the understanding of flow and combustion process in hybrid rocket motors. Methods for optimizing the hybrid combustion characteristic are put forward.
Introduction
Hybrid rocket propulsion systems (using solid fuels and liquid oxidizers) have many advantages over current solid propellant and liquid bipropellant systems, especially considering the recent growing emphases on low development cost, on-off operational capability, improved safety and reliability, minimal environmental impact and greater controllability of rocket motors. 1, 2) Hybrid rocket motors can be throttled for thrust modulation, perform in-flight motor shutdown and restart. 3) Additionally, because the fuel is stored in the form of a solid grain, hybrid rocket propulsion systems require only half the feed system hardware of liquid bipropellant systems, providing a simpler, more flexible design with potentially improved reliability. 4) The commonly used butadiene-based fuels are nontoxic, benign and not hazardous to store and transport, unlike volatile liquid fuels such as hydrogen. Solid fuel grains are not highly susceptible to cracks, imperfections and environmental temperature, as are solid propellant grains, and are, therefore, safer to manufacture, store, transport and launch. Owing to these safety and operational advantages, hybrid rocket motors could display lower manufacture and launch costs than current propulsion systems. 5) Despite these benefits, hybrid rocket motors have not yet found widespread use for either military or commercial applications, possibly because they undergo slow solid fuel regression rates, low volumetric loading and relatively poor combustion efficiency. 6) Several recent efforts have focused on various methods to increase the fuel regression rate and obtain more desirable overall performance. 7) Recently, there has been considerable effort in simulating combustion processes in chemically reacting fluids by physics-based mathematical models. [8] [9] [10] Helman et al. 11) and Cheng et al., 12) respectively, conducted theoretical studies of hybrid combustion in motors. They used finite difference methods to solve the boundary layer equations and obtained temperature, velocity and species concentration profiles in the combustion zone. Akyuzlu et al. 13) and Antoniou and Akyuzlu 14) investigated the performance prediction of hybrid rocket motors using physics-based comprehensive models in which all the submodels that govern the various precesses that occur during the ignition, heating and combustion of solid fuel were based on Ó 2013 The Japan Society for Aeronautical and Space Sciences physical-based mathematical models. Venkateswaran and Merkle 15) numerically studied size scale-up in hybrid rocket motors. Knuth et al. 16) carried out a theoretical investigation of regression rate in vortex driven hybrid rocket motors and found that the injector geometry and the oxidizer mass flux have an important effect on the regression rate. Liang et al. 17) conducted a theoretical study of hybrid combustion in a motor using a multiphase, multispecies, and multizone computational fluid dynamics code. Both gas/gas and gas liquid, reacting and non-reacting cases were looked at, and the great sensitivity of recirculating patterns to inflow conditions were shown. Lin and Chiu 18) carried out numerical investigations of the aerodynamic and combustion processes in a combustion chamber of hybrid rocket motors in the broad range of volume-mean diameter of droplets. In a two-phase turbulent flow environment, the evaporation, combustion and drag of droplet and droplet ignition criterion were taken into account in the analysis.
Many researchers have experimentally studied the fuel regression rate at the same time. Chiaverini et al. [19] [20] [21] carried out experimental investigations of fundamental processes in a hybrid rocket motor. Korting et al. 22) conducted an experimental study with PMMA and polyethylene as fuel, and oxygen and oxygen-nitrogen mixtures as oxidizers. One of their important observations was that a rearward facing step could have a noticeable effect on hybrid combustion behavior. The experimental study in a hydroxyl-terminatedpolybutadiene gaseous oxygen (HTPB/GOX) hybrid motor conducted by Lewin et al. 23) showed that the fuel grains of shorter length had a higher regression rate than those of longer length.
Almost all of the previous studies on hybrid rocket motor combustion have adopted some type of semi-empirical relations (based on experimental data) for modeling of various processes that occur during the burning of a solid fuel. 24) The same is true for the modeling of the fuel regression rate. The present study attempts to predict the performance of hybrid rocket motors using a physics-based comprehensive model in which all the submodels that govern the various processes that occur during heating, and combustion of solid fuel are based on physical-based mathematical models. Parametric studies of the effects of chamber head configuration and chamber sizing on the regression rate are also conducted.
Method of Approach

The governing equations
The computations are performed by numerically solving the fully three-dimensional Navier-Stokes equations, since flow recirculation is expected to be three-dimensional. To simplify the problem, the flow is considered to be steadystate in mean, and the wall boundary is considered to be adiabatic. 7) The turbulent flux (Reynolds) equations of conservation of mass, momentum, total energy and chemical species may all be taken in the common form
where the exchange coefficient assumptions are invoked. The coordinates are chosen so that the x-axis is the axes of the motor, and the y-axis is normal to the axes of the motor, with its origin located at the middle plane of the oxidizer injector discharge. Here 0 is a general dependent variable and equations may be solved for 0 equal to timemean axial, radial, and swirl velocities u, v, total energy E, chemical species mass fraction Y fu , turbulent kinetic energy k and dissipation rate ". The equations differ not only in their exchange coefficients À 0 but also in their final source terms s 0 . Specific details about the equations may be found in the previous literature.
9)
The chemical kinetics model includes five chemical species, namely, C 4 H 6 (which is taken as the product of HTPB pyrolysis), CO, CO 2 , O 2 and H 2 O. 15) A two-step global mechanism is used to describe the gas-phase chemistry. An Arrhenius-rate equation is employed to represent the solid-phase pyrolysis. For modeling the turbulence, the standard k-" two-equation turbulence model with additional low Reynolds number terms for near wall effects is employed, which are given in previous literature. 9) A simplified emission model is employed to describe radiation heat transfer. Detailed energy and species mass balances are conducted at the solid-gas interface to determine the regression rate and surface temperature.
Gas-phase chemistry model
The fuel grain is specified to be hydroxyl-terminatedpolybutadiene (HTPB) and the oxidizer to be gaseous oxygen (GOX). The gaseous pyrolysis product of the solid HTPB fuel grain can be taken to be constituted entirely of 1,3-butadiene, C 4 H 6 . A global two-step combustion model is used for the reacting gas phase. The first step represents the oxidation of the fuel, while the second step represents the oxidation of wet CO,
As noted above, the second reaction can proceed in both directions. The mole fraction of species is calculated from this reaction mechanism. The fuel consumption rate is evaluated via eddy breakup model.
where the constants in the EBU model are taken from previous literature 9) and are summarized as follows:
and is a stoichiometric ratio.
Coupled solid/gas phase formulation
The coupling between the solid and gaseous phases is affected by an interfacial boundary condition requiring continuities of mass and energy. The procedure determines the fuel regression rate and fuel surface temperature. With the application of conservation law to the interface, the matching conditions are described as follows.
Since the exact details of the solid phase reactions are not well-understood, this process needs to be modeled in semi-empirical fashion. Following previous modeling efforts, we have assumed the pyrolysis of the HTPB fuel can be described by means of an Arrhenius-type reaction.
where T s represents the interface temperature which is to be determined as part of the solution. 10)
The interfacial energy balance is given by Venkateswaran.
where the right side of this equation represents the solidphase quantities and the left side of this equation represents the gas-phase quantities. The first term on the left is the convective heat flux to the wall, while the second term is the total radiative flux, which is described in the next section. The two relations are augmented by a closed form solution for locally one-dimensional thermal conduction in the solid phase.
15)
where T 0 represents the temperature of the unheated fuel, and k s represents the thermal diffusivity of the fuel grain. The derivative of Eq. (6) may be substituted into Eq. (5) to determine the conduction heat loss in the solid phase. Thus, by combining Eqs. (4), (5) and (6), both the fuel surface temperature T s and the surface regression rate _ r r can be determined.
The wall blowing rate is then given by applying a mass balance at the interface. 15 )
For the gas-phase boundary, the above set of relationships is augmented by the standard no-slip axial velocity, the normal momentum equation for the interface pressure and the appropriate species balances for the species mass fraction Y i .
Radiative transfer model
Radiation transfer from molecular gas bands and from soot particles in the flame may contribute significantly to the energy balance on the fuel surface and greatly affect the regression rate of the fuel surface. The radiative heat flux component can originate from various sources: the gaseous products of combustion, such as carbon dioxide and water vapor, soot produced in the motor from the incomplete burning of hydrocarbon fuel, and metallic particles liberated from the pyrolysis of metalized solid fuel. 21) Since pure HTPB is used in this study, the last radiation source is not considered in the correlation. However, the detailed modeling of radiative properties and radiative transfer in participating media is extremely difficult. A simplified radiative transfer model is implemented to represent radiation phenomena. The model provides useful qualitative insight into the relative importance of radiation under various circumstances. The computational results may be used to determine whether, and under what circumstances, a more detailed radiation model is augmented. The gas-phase is treated as a purely emitting medium, an approximation that is appropriate in the limit of optically thin media. 15) 
where 1=J ij represents the volume of the ði; jÞth cell and F ij!k represents the view-factor of that cell with respect to the kth grid location on the fuel surface. Summing up the contribution from all the cells in the computational zone yields the total radiative flux incident on given axial location on the fuel surface, which is then applied in the interfacial energy balance to determine the surface regression rate.
The absorption coefficient of the gas is assumed to be independent of temperature and the wavelength. However, since soot particles are likely the most significant source of radiation, the absorption coefficient is assumed to be a function of the fuel mass fraction. 15) This ensures that the radiation contribution is restricted to the fuel-side of the turbulent diffusion flame.
Numerical scheme
The spatial accuracy of numerical schemes for finite difference or finite volume Navier-Stokes solvers applied to convection dominated flow problems depends strongly on the order of approximation in discretizing the convection fluxes. In the recent years, many numerical schemes have been developed for high speed flows based on the concept of upwind differencing. The splitting schemes, the flux difference schemes and central plus artificial dissipation schemes are the most commonly used. All these schemes approximately follow the characteristics of the flow by an upwinding treatment of the numerical fluxes, while attempting to satisfy the conservation laws. In the present paper, an upwinding splitting flux scheme named nonoscillatory no-free-parameters and dissipative (NND) is employed to approximate the convective terms of the continuity, momentum and energy equations.
9) The convergence criterion is defined such that the maximum total normalized residual among all the discretized equations is less than 10 À5 . Figure 1 shows the schematic of a computational hybrid rocket motor. It consists of a pre-chamber, fuel grain, chamber case, aft mixing chamber and converging-diverging nozzle. The fuel grain is made of pure HTPB with a single port of 20 mm in initial inner-diameter and 358 mm in length, giving an initial port length to diameter ratio of 17.9. The pre-chamber, which is 15 mm in length, is adopted to prevent remarkable regression of the fuel at the leading edge because of direct impingement of the GOX. The aft mixing chamber, which is also 15 mm in length, is adopted to promote combustion. The throat diameter of the nozzle is 8 mm, and its expansion ratio is 9.76. The diameter of GOX injector is 12 mm.
A typical grid geometry is shown in Fig. 2 . For clarity, the y-coordinate in this drawing has been stretched by a factor of two in order that the details of the grid are visible. The grid is strongly stretched in the near-wall region to resolve the turbulent boundary layer adjacent to the fuel surface.
The computations are run at a constant GOX mass flow rate, which is set at q ox ¼ 0:03 kg/s. The mass flux of GOX, however, decreases with burn time as a consequence of the fuel surface regression and the increased port diameter. The chamber pressure is designed to be 2 MPa at the start of burning. Computation results are shown at three times during the burning: near the start of burning where the port diameter is approximately 20 mm resulting in the mass flux of GOX, G ox ¼ 95:5 kg/(m 2 Ás); midway through burning at a port diameter dimension of 25 mm corresponding to G ox ¼ 61:1 kg/(m 2 Ás); and near the end of burn when the port diameter is 30 mm corresponding to G ox ¼ 42:5 kg/ (m 2 Ás). 3.1.2. Computational result of HTPB surface regression rate The predicted HTPB fuel surface regression rates at these three times are shown in Fig. 3 . The predictions indicate that the regression rate is highest during the start of burning when G ox is the highest and drops significantly as the combustion progresses. Its nominal magnitude ranges between 0.5 and 2.5 mm/s. The spatially averaged instantaneous regression rates are 1.8, 1.5, 1.1 mm/s at these three times. The decrease in regression rate with time in the burning is related to the decrease in magnitude of the mass flux of GOX in qualitative agreement with boundary layer theory that relates to regression rate to G n ox , which is relatively high at the start of burning since the fuel grain port area is relatively small. The results in Fig. 3 also show that the regression rate varies with axial location for all three times. The regression rate at the chamber back end is generally somewhat faster than that at the front end of chamber, which is coincident qualitatively with the works done by Chiaverini et al. [19] [20] [21] The resulting heat flux profiles along the axial length of the fuel grain at these three times is shown in Fig. 4 . The amount of heat transfer to the fuel grain has a direct influence on the fuel surface regression rate. The total heat flux, q total , incident on the solid fuel surface is determined using the energy flux balance and overall mass flux balance on the solid fuel surface, which are shown in Eq. (6) including convective and radiative heat transfer, the species diffusion velocities leaving the fuel surface, the kinetic energy associated with the fuel regression rate and the gas velocity just above the surface. For clarity, q total can be defined to have the form
where ! e is effective thermal conductivity. ! e is calculated from Eqs. (6) and (9) . This effective thermal conductivity agrees qualitatively with the predicted regression rates. The resulting temperature, oxidizer species fraction and velocity contours corresponding to these three stages are shown in Figs. 5-7. In these plots, the y-coordinate has also been exaggerated by a factor of two as noted above. The temperature contours in Fig. 5 show a peak temperature of 3200 K which is roughly representative of the flame location. The flame is seen to start as the surface near the leading edge of the fuel grain, where the oxidizer and pyrolyzed fuel come into contact. Further downstream, the flame moves outward as the oxidizer is consumed. At the start of burning, the flame is observed to reach the centerline, indicating that most of the oxidizer is consumed. At the later stages, the flame remains confined to the near-wall region, suggesting that unburned oxidizer remains in the core zone of the flow field.
The species contours shown in Fig. 6 confirm this observation. The oxidizer core, however, does get heated by the flame through thermal diffusion and turbulent mixing. The presence of this unburned oxygen on the centerline implies that the overall oxidizer-to-fuel rate increases as the burn proceeds and the mass flux of GOX decreases. This increase is related to the rate of fuel surface regression as discussed above. For modeling purposes, the flow field is taken to be quasi-steady at each stage in the burn, and each figure has been obtained from a separate computation. The quasisteady assumption is justifiable since the fuel surface regression rate (usually about 2 mm/s) is extremely small compared to the axial velocity in the port (1-100 m/s depending on the operating conditions).
The velocity contours in Fig. 7 show that the gases accelerate rapidly because of the expansion of the hot gaseous products of combustion. Specifically, the boundary layer thickness grows very quickly near the upstream end for the displacement effect introduced by the flame, at that time Midway through burning End of burning 
Start of burning
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End of burning End of burning Nov. 2013
because of diffusive heating of the core gas, and finally because of the mass addition effect of the pyrolyzed fuel. The strong acceleration arising from the thermal energy release and mass addition along with the depletion of oxidizer on the centerline causes the boundary layer theory, which has been frequently used to describe the hybrid combustion process, to become quite approximate. Figure 15 also reveals that the acceleration effects become weaker as the burning proceeds, which is related to both the widening flow area and the cooler gases observed in the temperature field. These effects cause the wall convection heat flux to decrease causing slower surface regression. 3.2. Regression rate correlation with operating conditions The effects of chamber head configuration and chamber sizing on the regression rate is very important in the design of hybrid rocket motors. Once the oxidizer mass flow rate and the overall O/F ratio in the motor have been set, the regression rate dictates the port dimension. A reliable understanding of the effect of chamber head configuration and size scale-up on the regression rate is imperative if current results are to be used to built larger, full-size motors. Classical hybrid motor theory based on a boundary layer model of the combustion process indicates that the surface regression rate is proportional to the mass flux of oxidizer, G ox , taken to some power, n. This is generally expressed as _ r r ¼ aG n ox . The analysis further indicates that the regression rate is independent of the pressure. These results suggest that the surface regression rate is the same for all chamber head configuration and chamber sizes. The natural conclusion, then, is that the different chamber head configuration and size scale-up in hybrid rocket motors are not an issue. The results of a complete Navier-Stokes analysis, however, show that the boundary layer analysis omits some important effects. The chamber head configuration and port size are an important parameter in determining the surface regression rate. To compare the more complete CFD predictions against boundary layer theory, the effect of chamber head configuration shown in Fig. 8 and size scale-up on the regression rate is studied there.
Effect of the diameter of the GOX injector
The diameter of the GOX injector is 8, 10 or 12 mm. The grain port diameter is 20 mm, the grain length is 358 mm, and the other hybrid rocket motor geometric parameters and operation conditions are the same as the above representative solution. The HTPB surface regression rate and nearwall effective thermal conductivity along the axial length of the fuel grain for all three GOX injector diameters are shown in Figs. 9 and 10 . The predictions indicate that the regression rate is highest when the diameter of the GOX injector is the least. The regression rates for all three GOX injector diameters at the chamber back end tend to be the same. The natural conclusion, then, is that the effect of the GOX injector diameters on the combustion process of hybrid propellant is more prominent at the front end of the fuel grain. The convective heat flux to the wall depends on the temperature gradient and effective thermal conductivity. As shown in Fig. 10 , the smaller the diameter of the GOX injector is, the lower the effective thermal conductivity. The smallest diameter of the GOX injector has the highest convective flux and the highest regression rate, while the biggest diameter of the GOX injector has the lowest convective flux and the lowest regression rate. 
Effect of pre-chamber configuration
The pre-chamber length is 10 or 15 mm. The pre-chamber depth is 3 or 8 mm. The other hybrid rocket motor geometric parameters and operation conditions are also the same as the above representative solution. The HTPB surface regression rate, near-wall gas temperature and effective thermal conductivity along the axial length of the fuel grain for all four pre-chamber configurations are shown in Figs. 11-13 . Figure 14 shows the gas temperature profiles at disparate cross-section for different pre-chamber depth. The prechamber is usually used for liquid oxidizer vaporization. The predictions indicate that the pre-chamber configuration has a little effect on hybrid combustion due to the gaseous oxygen injection adopted in this study. However, practical hybrid rocket motor designs focusing on launch vehicle booster applications require the use of a liquid oxidizer. Ongoing large motor development efforts are currently using liquid oxygen. To support this development activity, it is necessary to ascertain differences in combustion characteristics between liquid-and gaseous-oxygen injections.
Effect of size scale-up
Computational results are presented in Figs. 15 and 16 for two different axisymmetric motor sizes. For the two configurations, the nondimensional chamber length is held constant at L=D ¼ 17:9, the oxidize flow rate is fixed at the value, G ox ¼ 95:5 kg/(m 2 Ás) and the chamber pressure is set at 2 MPa. The two sizes are refered to as the ''smalldimension'' and ''large-dimension'' motors. The respective dimensions of these cases are L ¼ 358 mm and D ¼ 20 mm for the small-dimension motor, and L ¼ 3580 mm and D ¼ 200 mm for the large-dimension motor.
The predicted fuel surface regression rates for the two motor sizes are presented in Fig. 15 as a function of the nondimensional distance from the upstream end, x=L. The predictions show that the regression rate increases significantly as the port dimension is decreased. At the mid-point location Fig. 11 . HTPB surface regression rate along the axial length of the fuel grain for different pre-chamber configurations. Fig. 12 . Near-wall gas temperature and effective thermal conductivity profiles along the axial length of the fuel grain for different pre-chamber lengths. Fig. 13 . Near-wall gas temperature and effective thermal conductivity profiles along the axial length of the fuel grain for different pre-chamber depths.
Fig. 14. Gas temperature profiles at disparate cross-sections for different pre-chamber depths.
Nov. 2013on the grain (x=L ¼ 0:5), the fuel surface regression rate is approximately 1.8 mm/s for the small-dimension motor, and 1.0 mm/s for the large-dimension motor. An explanation of why the CFD model predicts the regression rate increases with motor size requires a more detailed consideration of the coupling between the solid phase decomposition process and the gas phase diffusion flame. This effect can be clarified by examing the temperature profiles at a given normalized axial location (x=L ¼ 0:5) in the two different sized motors. Figure 16 shows the temperature profile at this location as a function of the normalized distance from the fuel surface, y=r. The two temperature profiles are similar in shape, but the nondimensional location of the flame is different for the two motor sizes. Consequently, it is clear that the flame location does not scale geometrically with motor size. The flame in the large-dimension motor is located farther from the wall in a nondimensional sense. The flame in the small-dimension motor that has the higher regression rate is located closer to the wall in a nondimensional sense. The convective heat flux to the wall depends on the temperature gradient. Figure 16 immediately shows that the large-dimension motor has a very shallow temperature gradient at the wall (the flame is very far from the wall), while the small-dimension motor has a steeper temperature gradient at the wall (the flame is close to the wall). This temperature gradient agrees qualitatively with the predicted regression rates. The small-dimension motor has higher convective flux and higher fuel surface regression rate, while the large-dimension motor has lower convective flux and lower regression rate.
Conclusion
The effects of chamber head configuration and chamber sizing on the regression rate were investigated by means of a comprehensive Navier-Stokes model. The results presented are for HTPB fuel and gaseous oxygen. The Navier-Stokes model results allow a more detailed and realistic observation of the chamber flow field than is permitted by simpler boundary layer analyses.
1) The regression rate varied with axial location, and the regression rate at the back end was generally somewhat faster than at the front end.
2) The regression rate was highest during the start of the burn where G ox is highest and dropped significantly as the combustion proceeded when the mass flow rate of gaseous oxygen was set as a constant value.
3) The regression rate was highest when the diameter of the GOX injector was the least, and the pre-chamber configuration had a little effect on hybrid combustion due to the gaseous oxygen injection adopted in this study.
4) Larger chambers regressed more slowly than small ones because the size scaling changed the location of the flame with respect to the surface. 
